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Notations and Conventions

.h:,uO:E():k’B:élTrG:l.
e The space-time metric has — 44+ - - - signature. Your height is a real number and the distance between your
house today and your house tomorrow is imaginary!

e The Fourier transforms look as below

f(k1, kay o ky) = (27r)_"/2/dxf(x1,x2,-~- ,Ty)exp [ —i(kizy + - + kypay)]

f(.Tl,J?Q,' te ,J)n) = (27()_”/2/dk]g(kj17k27' o akn) €exXp I:"V‘Z(klml + -+ knxn)}

e Hilbert space operators DO NOT wear hats.
e Space-time dimension is n + 1 unless otherwise specified.

e Spatial vectors are denoted by boldface characters like P, etc. Whereas the space-time vectors can be recog-
nized from their accompanying Greek indices eg: P%, etc. This is similar to spinors and the reader should tell them
apart using the context.

e Complex conjugate of any qunatity @Q is Q* and the Hermitian conjugate will be QT (whenever applicable)

e Repeated double indices are always summed over unless there are 3 (or more) of them or one of them is
protected by parentheses:
AiB;, A.B", AiB;, AiBg

e Tuples that are not spatial or space-time vectors are denoted by a sub-tilde; eg. p for {p;} the set of momenta.

e To distinguish between different pictures when dealing with observables, look at the arguments. If there is no
time dependence, we are working in the Schroedinger picture, if there is a time dependence, we are working in the
Heisenberg picture and finally, if there is a superscript 0 and a time dependence, we are working in the interaction
picture.
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Classical Mechanics






Chapter 1

A Review of Lagrangian and
Hamiltonian Mechanics

1.1 Dynamical Systems, What to expect

A dynamical system is a tuple (X,Q, ®). The first entry, X is the set of observables. It is assumed that the set of
observables satisfies

o f(X)eX Vf:R—=R, XeX

o aXi+pXs€X Va,eRX, Xo€X

The second entry ) is a convex set of states w. A state w € € is a map from the set of observables X to the set
of probability measures on R. The practical interpretation is that if the system is in the state w and one measures
the observable X, the result will be a real random variable with distribution w(X). This motivates us to assume
that the following consistency conditions hold

e Wf(X)) = (wo f)(X) Vi RoRwe XeX

. [pwl +(1- p)wz} (X) = pwi(X) + (1 — p)wa(X)

1.2 Lagrangian Systems

A classical mechanical system consists of a number of degrees of freedom, ¢; for 7 in some index set Z, and a
Lagrangian function L. The Lagrangian is assumed to be a function of the degrees of freedom ¢;, their first order
time derivatives and possibly of time itself. The equations of motion are derived by optimizing the action

This leads to the Euler-Lagrange equations

oL d 0L
dq;  dt 0¢;

The equations are clearly invariant under a transformation

dX
L— L+ —
— L+ i
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for some X = X (g;, ¢;;t). This motivates us to call any transformation ¢; — ¢, a symmetry of the system if it leads
to a change in the Lagrangian that has the above form. An infinitesimal such transformation looks like below

4 — qi +e7i(q5, ;)
which in turn results in a change in the Lagrangian

oL . 0L
oL d OL d, 0L
o0~ o) )]
d, OL

On the other hand we assumed that L — L + a‘% Comparing the two results, we find a conservation law

= L+s[n(

d (7_107[/

dt aqi_X)ZO

This result is famously known as the Noether’s theorem.

As a first example, consider a time shift in the degrees of freedom ¢;(t) — ¢;(t + ¢€) = ¢;(t) + £¢;(t). For a
Lagrangian with no explicit time dependence, this results in

L—L+elL

and therefore the time shift will be asymmetry of the system with X = L. The corresponding conserved charge will
be defined to be the Hamiltonian of the system

oL
H=¢g—-—-1L
"4
It is customary to define the conjugate momenta as
0L
7= g,

then the Hamiltonian may be regarded as the Legendre transformation of the Lagrangian with respect to velocities
¢; and therefore a function of p; and ¢;

H(gi,pi) = qjp; — L
this new function allows us to write the equations of motion as first order differential equations over the phase space

(qi’pi)
dgg OH dpi  0H

dt — dp;’ dt  Og

The Hamiltonian equations of motion allow us to write down the time derivatives of different phase space
functions in a specific format

L tgputy = 2L L 0T 00 0F o0
at’ PP = 9 T ag op;  p; 0g;

IThere is a subtle difference betweenequations L = ¢X and 6L = e7;0L/¢;. The former is assumed to hold as an identity resulting
from the specific properties of the Lagrangian function and has nothing to do with dynamics; however, the latter holds only when the
Euler-Lagrange equations are satisfied. This is sometimes called ”on-shell”.
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of
== H
o )
Where in the last line, we have introduced the Poisson brackets

DAOB  0A OB
0q; Op;  Op; 0g;

{A,B} =

The above equations, reveal yet another relation between the Hamiltonian and time shifts since the Hamiltonian
is generating a time shift. Does such a relation also exist between any other conserved charge () and its corresponding
symmetry transformation? To check this, let us study the infinitesimal transformation generated by some conserved

charge
oQ

Opi
82H 37’]C 0X )}

¢ — ¢ +e{ei, QY =qi+¢

+ P -
9piOp; ( 94 0g;
On the other hand, the symmetry condition asks the following to hold as an identity, on and off shell

:(Ii+5[7'i

0X  0X .  0X. _dX _

4 aA o 8.[/ 8L aTi 8L 872- . aﬁLaTj“
ot ol T 8q, YT w '

~9q" T og ot T oq, 04,7 " 9g; 04,

Since none of the functions depend on second order time derivatives, we may equate the corresponding coefficients
to get
0X or j

- = Pis-
0q; 7 0g;
This in turn implies
¢ +e{q,Qt = qi +emi

In other words, not only every symmetry gives rise to a conserved charge (Noether’s theorem), but also every
conserved charge generates a symmetry transformation via Poisson brackets (Converse of Noether’s theorem).

Assuming a system with n degrees of freedom has ¢ independent, continuous conserved charges means that its
generic integral curve will cover some 2n — ¢ dimensional manifold in the phase space. For instance, the Keplerian
system has 3 degrees of freedom and 5 conserved charges (Energy, angular momentum vector and the Laplace-
Runge-Lenz vector) therefore all Keplerian orbits are closed on themselves.

As an example for the converse, consider the Lagrangian describing two independent harmonic oscillators.
1/, .
L= 5(61? +d5 —at —>\2Q§)

Regardless of the specific value of A\, the Lagrangian is covariant under independent time shifts and therefore the
following are conserved

1 1
Hy = 5(29? +Cﬁ); Hy = 5(1?3 +A2q§)

The remaining 2-dimensional manifold is a torus; let us parametrize it as

p1=\/2H cosi; q1 = \/2H sing1; po = \/2Hocosd2; go = A\~ 'y/2Hs sin ¢

The integral curves are described by

Hy=FE; Hy=FE ¢1=t+ai; ¢p2=X M+
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For irrational A, this densely covers the torus and therefore no other conserved charge could exist; however, for
A = nq/ng the curves are 1 dimensional and therefore another conserved charge must exist. Indeed the charge is

7 = exp [2m’(n1¢>1 - n2¢2)]

More often than not, it is the case that we want to work with a statistical /probabilistic description of a mechanical
system. This is achieved by having access to a consistent set of expected values for all phase space observables
(f(qi,pi;t)):. However, it is much more convenient to work with a probability density function p that produces all
the expected values. It is natural to assign the time evolution to the density p. We will call this the Schroedinger

picture.

0
(f(gispist))e = [ dpdq f(gi,pi; t)p(qs, pi, t); affZ—{p,H}

Note that the minus sign is what distinguishes p from an observable. It is also possible to assign the time evolution
to the observables and consider p as being a constant measure in time. This is called the Heisenberg picture.

(f(gi,pist))e = /dgdg fi(ai, pi)p(di, pi); % = % +1{ft,H}



Chapter 2

Classical Tensor Field Theory

By a ”classical field theory”, we mean a mechanical system with uncountably many degrees of freedom. Therefore,
our default letter for degrees of freedom changes from ¢; to @,(x) where x is some coordinate system on the index
manifold and a runs over a finite (or at least countable) set. This is not relativistic yet; time is only a param-
eter and space is yet to be born. To make things relativistically covariant, we proceed to make the following changes:

- The index manifold is identified with some arbitrary spacelike manifold, ¥, embedded in the space-time.

- The Heisenberg picture is (inevitably) used to make sure that ¥ is arbitrary and the fields ¢, are defined over
the whole space-time.

- The integral over time in S = | Ldt is replaced with the covariant integral over space-time: S = [ dz /—gL.

- The Lagrangian density £, being a function of the fields and their time derivatives, now must depend on the
first order space-time derivatives in a covariant way: £ = L(¢q, V,0q; z").

- The fields ¢, are covariant objects. In this chapter we focus on ¢, being tensors. It costs no generality to
assume that all their indices are contravariant: ¢h' ™

Finally, we get
S = /dm V=9L(Pa, V ya; %)
The variational principle leads to the Euler-Lagrange equations

oL o o
d¢a  "OV,¢a

The action, S, (and therefore the equations of motion) are invariant under

L= L+eV,XH

for some X*(¢q, V,¢q,2"). Therefore we expect an infinitesimal symmetry transformation to lead to such changes
in the Lagrangian density. The transformation must look like

Ga — g + €T

The on-shell change in Lagrangian density is

oL

L — [,—FEVMWTG
nPa
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We immediately find out that corresponding to any symmetry transformation, there exists a conserved current

oL .
oV o

— XH

Vuj“:(); J*

When discussing classical systems with finite or countable degrees of freedom, our first example of a symmetry
was a time shift for time-independent Lagrangians. The corresponding symmetries in field theory are isometries;
these are symmetries of the space-time that may be respected by the Lagrangian. Under such transformations, the
fields are simply shifted along a symmetry direction.

In order to discuss the isometries of a given space-time manfiold, let us first introduce the geometric notion of
Lie derivatives. Consider an infinitesimal coordinate transformation

at — ot — et

Under such transformations, the components of a tensor T},). /™ change into

[ RN ,u - 1 Hr 1Q 41 o M ,ul a
Tl/ = Tl/ IJ" €|: E TVl 8a€ " T 1/7 1aV7~+1 Vrf

On the other hand, the components of the same tensor, evaluated at a point with coordinates z# — £* in the
original coordinate system, are
THl Hm 8504 THI Hm

The difference between these two expressions, d1v1ded by € is deﬁned to be the Lie derivative of the tensor field T
along the vector field £ this is denoted by

m

— JIEREy _E M1 —1 Qe 41 0 m 1 § : ul «@
"EET—g a Tu V,Lm TVl ‘VUn aa£ " + T 1/7 1a1/,+1 Vr€

r=1

A Killing vector field, £* is one that satisfies £¢g = 0 or written more explicitly

v{agﬁ} =0
For such a field, we may write the second order derivatives in terms of the Riemann tensor
VaVg&u = =VaV,uép
= _vuva§6 + [v/u V(x}fﬂ
= VuVgba + [V, Valés
= vﬁvufa + [v;u vﬁ]ga + [Vua va]gﬁ
= _Vﬂva€M + [Vm vﬁ]ga + [Vm VQK@’
= —Vanfu + [Vm Vﬂ]gu + [Vu» vﬁ]fa + [V;ta Va}gﬁ
Which may be rearranged to yield

1., y
VaVsbu = 58 (Rapuv + Bupaw + Ruapy) = Rupart

Using this identity, we can prove the following nice result

[V, Le|TH pom —§B[VQ,V5]T”1 Mo ZT’ZI = A s v/ oV et +ZT;L1 Vavyrﬁﬁ _

r=1 r=1

Rz 15Vr+1
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where the last inequality is proved by substituting for the second order derivatives of £ in terms of the Riemann
tensor and cancelling the resulting terms with the anti-symmetric derivative operator acting on T'.

Now that we are familiar with the Lie derivatives, let us consider the generalised shift transformation

¢a — (ba +€£E¢a

for some Killing vector £€#. For a Lagrangian that only depends on the space-time position through the metri(ﬂ we

have or or
Ll e[w&% o5 Ve atedal
oL oL oL
—£+5|:%£§¢a avaﬁlj)a ~£§va¢a ag ££9}
=L+elel

=L+ eV, L=LH+eV, LE8
and therefore we are dealing with a symmetry transformation. The conserved current will be

oL

W el
g =Lg Y

£§¢a

2.1 The Energy-Momentum tensor(s)
Note that the conserved current from an isometry may be written as j& = T*¢g if we define the tensor operator
1% = T30 +8*P1v,

where 727 is the canonical energy-momentum tensor

Teh =L9" — 553

and

Mg
E : r—1Blrg1 m
(b CHr—1 a,gur'y
5 V a¢a
r=1

On shell, the canonical energy-momentum tensor satisfies

oL
aff _ 7B B8
VT2 =VPL -V, B %v b
oL oL oL oL
_vBp_ P& us B B B
AV 8gv g— a¢>av bo — avmav v“¢“+ava¢aw ,Valda
= SR .,

IThis condition is sometimes called the minimal coupling condition and is justified by the equivalence principle.
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Using this we find that for any Killing vector £, the conservation equation gives
0= VaT*6s = Vats (Tigh) - V7,547
Writing this on a flat (or symmetric enough) space-time, we find the identity
T = v 501
which is an on-shell identity in every space-time.
Now define the Belinfante tensor as

BHaB = (Suaﬁ _ ganB + Sobu _ guba + SBan _ Sﬂ;wz)

DN | =

= lg[uaﬁl + GBlen]
2
This definition is in fact the unique tensor built from S**# to satisfy
piurads — 0; BHledl — gulas]
for a general tensor S#*#. The last property guarantees that the Belinfante energy-momentum tensor is symmetric.
8 —
T =188 —v,Bres

can.

This new tensor, is not only symmetric, but also conserved

1
VoTge. = VT, = 5[Va: VB

1
= S (BB 4 BB 4 B, )

1 1
_ pB apv | = glapy] _ = galpr]y
R (S + 45 25 ) 0

These two properties then imply that for any Killing field &, the current j* = T§’, &, is conserved. In the
exercises, the reader proves that this current is equivalent to j# in flat space-times and for translational isometries.
In summary the Belinfante energy-momentum tensor is

o symmetric,
e conserved,

e equivalent to the canonical energy-momentum tensor in the sense that the total energy and momentum are
the conserved charges corresponding to space-time translations; and

« allows one to write the conserved currents as j# = Th”, &,.



2.2. THE HAMILTONIAN FORMALISM

2.2 The Hamiltonian Formalism

If we denote the momenta as

oL

mao(z) = Voo

then the Hamiltonian is given by

H = / dxgH; H = ma(2)Voda(z) - L
>

This could not be more not covariant!

2.3 Exercises

13

1. Show that on a flat space time, the conserved quantities computed from the canonical and Belinfante tensors

/dXTcOaun‘ = /dXTngél.

are the same.

2. . For the Lagrangian density
1

1 o 1 2 via
L= —5(1)#’ q)u;(x - §m¢q)l‘(bu - 5‘11# ' lIJNVE(X -

a) Write down the equations of motion.

b) Compute the tensors T2 | §uve prve and T8

can.’ Bel."

2

1 .
miUH W, + gUHo D, B,
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Chapter 3

Classical Spinor Field Theory

15
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Part 11

Prerequisites from Quantum Mechanics

17






Chapter 4

Canonical Quantisation

To quantise a mechanical system, one must find a complex Hilbert space .7 and Hermitian operators ¢;, p; that
satisfy

9i,pj] = i0i55  [ai:q;] = [pi 0] = 0
This already means that the g; have continuous spectra. It is then straightforward to show that the Hilbert space
may be considered to be the linear space of all square-integrable functions v¢(¢). The operators act as below

qi = Qﬂ/J(g)% Py = _ia‘hw(g)

The ”state” of the system is nothing but a statistical description containing the expected values for all Hermitian
operators. The expected values must be real, linear functions of the operators, therefore they are given byE]

(f) =Trpf

For some Hermitian density operator p. Normalization is necessary for consistency

1=(1)=Trp

We will entirely limit our discussion to phase space functions that have unambiguous Hermitian expressions such as p3, sin(aq + bp),
etc. and not gp, p9, etc.

19
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Chapter 5

Perturbation Theory

5.1 Time Dependent Schroedinger Equation
The time dependent Schroedinger equation is
d
|5 t) = H(t) [i;t
st = H) 1)
And the solutions are encoded in the Schroedinger propagator U (t)

;1) = U(t) [¢;0).
The propagator satisfies

this implies

The integral equation above, suggests the so called Dyson series as the Schroedinger propagator

n—1

U(t)zﬂ+§:(—i)"/otdt1 /Otl dts /Ot dt, H(ty)--- H(t,)

This may also be written in the following, compact form

v = 7{ew[ i [ atnw)])

where the symbol .7 denotes the time ordering: in a product of operators from different times, the order of multi-
plication from left to right is chronologically decreasing.

If Un(t) denotes the truncated series after N terms, it is easy to show that

n+1 n
[0 - U@, < gy (s (H],)"
(n+1)! T€[0,t]

However, for the case of field theories, were ||H (t)||2 = oo at all times, this inequality is of no practical use; there
we only hope that the Dyson series yields proper, relevant results.

21
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5.2 The Interaction Picture

Now consider the case of a quantum mechanical system with a Hamiltonian in the form
H = Hy+ H;
Assume that we know the unperturbed propagator Uy(t) satisfying

S Uo(1) = Ho(t)Us(1)

and want to write the full propagator as

U(t) = Up()V (1)
The relevant differential equation is

TVt = —ilu§ O mu®]v ) = v

In words, the compensation propagator, V (t), satisfies the Schroedinger equation with the unperturbed Heisenberg
version of the perturbation Hamiltonian. In general, this is a time dependent Hamiltonian; however, since the
perturbation term H; is asuumed to be small, we may hope to get proper results using the Dyson series.

5.3 The Adiabatic Theorem

Consider a family of Hamiltonians H(A%). For now assume that for each A, the Hamiltonian is non-degenerate.
H(AY) |n, A%) = Ep(AY) [n, AY)

Now for a smooth path A\%(o) for o € [0, 1] consider the time dependent Hamiltonian
H(t)=H(\*(t/T)); tel0,T)

The adiabatic theorem is stated as follows

lim U(T)[n,A%(0)) (n, A*(0)| UT(T) = [n, A*(1)) (n, A*(1)]

T—o0

To prove this, let us start by writing

emalt) = exp [i /0 At B (X2 /T))] (m, A0/ T) [ U (1) I, 3 (0)

Differentiating with respect to o = t/T we get

i 2o it [ ' 1B (30) = B30 o) (G- s (A ) 120
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Now in the T' — oo limit, all the [ # m terms will be irrelevantﬂ and therefore we get to re-write the evolution

as
A(o)

Cmn(0) = ¢mn(0) exp { /)\(O) d\? (% (m, /\a|) |, AY) }

This completes the proof for the adiabatic theorem as soon as we substitute ¢, (0) = dpmn.

The non — dynamical phase that the amplitude c¢,,, takes during the adiabatic evolution is called the Berry
phase. In fact if we define the following (real) 1-form

B =i (m, X 20 m, X%

we get to write the Berry phase as
Vi = / d\* B o

5.4 The Correlation Functions
Suppose we want to compute the correlation function
(O1(t1) - - On(tn))|E)(m|
for some eigenstate of the perturbed Hamiltonian
H|E) = (Ho + H1) |E) = E|E)
This would be the same as

(E| eiH(tl—to)O1 (to)eiH(tz—tl)%(tO) ... eiH(tn—tn—l)On(to)eiH(to—tn) |E)

Ideally, we would want to deal with the unperturbed state |Ey) instead of the perturbed state |E). To do this,
we first introduce the adiabatic function o(t).

ITo see this, consider some do such that

1
—_———— <K 0 K 1
IT(Em — Ey)|

and show that the change
0 dCmn

dcyn o

<1

for m #1
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o)

e

,’0 ot

The adiabatic function o(t). We are dealing with the limit T, A, T/A — oo
Replacing the perturbed, time independent Hamiltonian with the following
H(t) = Ho + o(t)Hy
we see that in the far past and future times, the perturbation is turned off but for all physical, finite times, the

Hamiltonian remains the same.

In this section it will be more convenient to work with the double-argument compensator operator

V(ty,to) = 9{ exp { - z'/ttl HY(t)o(t) dt] }

0

Now, using the adiabatic theorem, we know that the state |E) corresponds to some unperturbed state |Ey) in
the far past times. Therefore, the correlation function becomes

(O1(t1) -+ On(tn)) 1y () = (Eol V(past, t1) O (t1)V (t1,12) O (t2) - - - O (t)V (tn, past) | Eo)

The adiabatic theorem also assures us that in the adiabatic limit
V (future, past) | Ep) = €' |Ep)
and therefore

<E()| V(past, tl)O? (tl)V(tl,tg)Og (tz) e O,g (tn)V(tn, future) |E()>
(Ep| V (future, past) | Ep)

(O1(t1) - Onltn)) By (B =

The operator S = V (future, past) is called the Scattering matrix or simply the S-matrix for reasons that become
clear later on. When computing the S-matrix, we may forget about the small proportions of time duration when
the perturbation Hamiltonian is not fully turned on since their contribution to each term in the Dyson formula is
infinitesimal.

If, without loss of generality, we assume that t; > to > --- > t,, are time ordered, then the following formula
follows as the final result for this section.

<E0‘9{O§’(t1) S O%(tn)S}‘Eo>
(Eol S |Eo)

(O1(t1) -+~ On(tn)) 1By (B =




5.5. EXERCISES

5.5 Exercises
1. For the perturbed harmonic oscillator

2 2
D x
HOZE“F?; H =-)Xz

show that the perturbed ground state is centered at

(g = A

25
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Chapter 6

Scattering Theory

In this chapter, we develop the theoretical tools that describe scattering amplitudes, cross sections, and other
practical quantities concerning scattering experiments. The Hilbert space corresponds to that of a non relativistic
particle living on a Galilean space-time; namely the space of square-integrable wave functions on E™.

6.1 Gaussian Wave Packets

In this section, we focus on single-particle states that best describe a freely moving particle; i.e. Gaussian wave
packets. In Fourier space

(k) = Aexp [ — (k—k)"S(k — k) — ix k]
We will generally ignore the normalisation constant A in this chapter. The three parameters (x,k, %) € R" x R™ x
C™*"™ are defined in a way so that

-1

(Re[Z])i_jl, Cov(z;, z;) = (Re [Z_l])

| =

Under the free Hamiltonian H = p?/2m, the wave function remains Gaussian and the parameters evolve as

3(t) = 2(0) + 2%11, k(t) = k(0), x(t) =x(0)+ g

6.2 Spherical Schroedinger Equation

The time-independent Schroedinger equation is

- —+4+V =F
(= 5 + VE)$(x) = Bb(x)
For a spherically symmetric potential, it is best to work in the spherical coordinates (z,(2), then the equation is
solved as

v(x) = Vi (@)

27
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where
(V34 08)Yin() = 0: [ A0, (Yo () = BB
" d” A+ (n—1)(n—3)/
-1 d%u i+n—-1)(n-3)/4 B . N 0,
omdi? [V(I) + Iz }u(x) = Bu(x); u(0)=0; /|u(x)| de =1

The main purpose of introducing the spherical equations is to write down a plane wave ¢ = e*%% <59 _ where 6 is

the axis angle i.e. 2! = x cosf -in terms of the spherical partial waves. Here the relevant Y. (€) are the generalised
Legendre polynomials
Yim = Qen(cos )

. Here @y, are determined via the equations

2
1 —ﬁ% (- 1>y% 1 A2,Q=0

+1
/ Ay w0 (5)Qon (1) Qera(y) = Set

-1

or(n=1)/2
wn(y) = ey (1= )72
r(%5)
The first two polynomials are easy to compute
L(n/2)
QOn(x) = 277”/2 5 on — 0
I'n/2+1
Qin(z) = ( 7T/n/2 )’93; Ay =v-1

In general it is possible to show that Ay, = ¢(¢ +n — 2) (Cf. Exercises).

Since the plane wave does not blow up in the origin, we have the following expansion

ikx cosf __ — A Q[»,L(COS )J k

6.3 Stationary Unbounded States

Now let us add a localized potential term to our Hamiltonian

p?
H = + V(z), lim V(x)=0

T 2m [Ix[| =00
Apart from the F < 0 part of its spectrum, where the wave functions decay exponentially for large x, we may also
look for stationary states with £ > 0. These states will not be properly normalisable, however a superposition of
them may be normalised properly. For a wave vector k, define

e’Lk‘l‘

Yi(x) = e™* + f(Q)W (1+0(1))
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where the decaying o(1) term denotes a decaying function of r.

As proved in the exercises, the probability current vector

1
J=—1Im [¢*V¢]
m
satisfies the continuity equation.
iy +VJI=0
ot '

An evaluation of this current at large r yields a connection between f(£2) and the differential cross section as

6.4 Exercises

1. Starting from the separation of variables
u(z)
’(/J(X) = YA#(Q) 2(n—1)/2

show that the radial Schroedinger equation is equivalent to a 1D problem with

24+ (n—=1D(n-
Vi s(a) = Vi) + 2T 2772(2 3)/4
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Chapter 7

Path Integral Quantisation

In this chapter, we limit ourselves to dynamical systems with a Lagrangian in the form

1. . .
L= QQi(JjMij (t) = V() + Ai(t)g

and introduce an equivalent quantisation formalism to find the expected values of different observables. This ap-
proach will specifically be useful for proving certain theorems in quantum field theory.

7.1 The Fundamental Formula

We know that the canonical quantisation of the Lagrangian
1.. .
L= 544 Mi; (t) = V(t) + Ai(t)gs

leads to Schroedinger’s wave equation

il t) = Ho (g, )

with 5 8 5
H= —fol MTA,— + V.
9 (] aQ'L aqj +1 1] aq] +

However, the same dynamical equation may be derived using the path integral formalism. In this formalism, the
probability amplitude for a transition from ¢; at some time ¢; to g at to is found by summing over all paths ¢;(t)
that have proper starting and end points.

Amp. [((Ihtl) q2,t2 } Z ezS[Path]

paths

The constant of proportionality depends on the resolution of the set of paths we are summing over. To fix this
constant, let us focus on a very short time interval [t, ¢ 4 0t]. In this regime, we may approximate any path with a
straight line and write

bt 00 farsta =y [ 3+ -0

_ /dmp(q —r,t)exp [i((n + LM AL (rj + 6EM: llAl) (V +1/24,A;M;; ))}

25t
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op(g,t) 1 0%1(q,t
l/f(q ) _ 7Mi_‘1 7/’(‘1 ) + O((St)
8qj 2 J aqiaqj‘
This shows that the only consistent dynamics that we may get from the path integral formalism, is that of
Schoroedinger’s equationﬂ We invent a special notation for this specific choice of the constant of proportional-

ity and write

oc (g, t) — it {(V + %AiAjMigl) +iM A,

(g2,t2)

Amp. [(@1t1) — (azta)] = [ el

(q1,t1)

Comparing this with the canonical quantisation formalism we get
(g2,t2)

<CI2 g{exp{_i/tt2 dtH(t)}}‘q1>:/( Dq el

1 q1,t1)

In general, we may define

<T/)2)<7{ exp {— i/tt2 dtH(t)} }‘¢1> = /(%h) DgeiSld — /dQ1dQQ W (q2) 01 (q1) /(qg’m Dq ¢iSld)

(31,t1) (q1,t1)

7.2 The Euclidean Time

For time independent Hamiltonians, it is more often than not that we are interested in thermal states
T Tre BH

p(B)

Specially the ground state corresponding to S = oo is of great interest in quantum field theories. The operator
e PH gatisfies the Euclidean Schroedinger equation

d
@e_ﬂH = _—He PH
This is similar to Schroedinger’s equation if we define the Euclidean time as ¢ = —if. In terms of 3, the action
becomes ) o d
. . qi aq; . . .

here, the expressions depending on —if3 should be interpreted as the analytic extension of these functions from
the real axis to the imaginary axis. From now on, we focus on the special case where the Hamiltonian is time-
independent and therefore drop the time/temperature arguments.

7.3 Ground State Expectation Values

The path integral formalism may not be considered as a complete quantisation formalism unless we provide a path
integral formula for correlation functions. In general we are interested in

(Q 7 {ai (t1) - i, (ta) } )

IThere is a slight, irrelevant difference here. The potential V' (¢) now has an extra term that is only a function of time. This won’t
affect any observation and we need not worry about it.
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It is easy to show that the following recipe is consistent with the canonical formalism

Q,fut
f) p:s:m ¢Sl @iy (t1) -+ i, (tn)

Q,future ;
’ iS[q
Q,past Dq € la]

(Q 7 {ai (t1) -+ i, (tn) } Q) =

An advantage of the Euclidean time is that we don’t need to specify the initial and final states. From now on,
any path integral without limits must be interpreted as a Euclidean time integral over the whole imaginary axis.
Moreover, any expectation value (O) with no specific states, should be interpreted as the ground state expectation
value. Therefore we are allowed to write

[ DgetSldlg; (—iBy) - qi, (—iBy)
J DqeiSldl

(T{qi, (—iB1) - ¢i, (—iBy) }) =

7.4 Schwinger-Dyson equation and Ward Identities

In classical mechanics, the Euler-Lagrange equations of motion have a simple and clear meaning.

0L d oL

dg;  dt dg; =0

means that at any moment in time the number on the left hand side is equal to zero. In the quantum case, the
left hand side is an observable. Now we may ask, is this observable identically zero or may be only its correlation
functions with some observables disappear. Note that if we have (2] OX |2) = 0 for all observables X, then the
observable O is (by definition) zero.

To find the answer to the above question, let us consider the path integral

/Dq eiS[Q]XQil(tl) g, (tn)-

Using the infinitesimal change of variables
4 = q; +efilt)

we may write

/qu q]Xq,l(tl) “qi,, (tn) /Dq’ iSlq qul(tl)...qgn(tn)

= /Dq eis[q]XQil (t1)---qi, (tn)

where in the last equality we have used the fact that a shift in the integration variables does not change the
measure. Expanding up to the first order in ¢, this implies

8L d OL
/quzS[q] (tl QZn /dth 3q dt aq ):| /qu ]QLl(tl) QLT 1( r— 1)fw( )q1r+1(tr+1) QLn(tn)

By letting f;(t) = d:4,0(t—to) for some ig, ty we immediately get to translate these integral equations into correlation
function results known as the Schwinger-Dyson equations

<y{(aL—C§’t§qi)t=toqi1<t> i n}>—zZ6z 08t = t0){ T g, (1) @i, (e )i (brs1) -+, (1) })

3%‘0
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Symmetries of the dynamical system lead to conserved charges in the classical formalism. Since the conservation

of a charge X is a result of the Euler-Lagrange equations of motion, we may also ask similar questions about the

observable %. Using, the Schwinger-Dyson equation, it is rather straightforward to prove the Ward identities.

(7 0) 0 ()} = = 2 800 = ) T2 o) (1) -3, ()]

The proof for these identities is left as an exercise.

7.5 Exercises

1. Define the ground state generator functional as
Z[J] = /Dq eis[q]efifdt o (t)qi(t)

show that
(i6)"

(740 () a1, (t)} ) = log(Z[o1) .,

2. To prove the Ward identities, using the Schwinger-Dyson equations

a) Show that

a /0 )
dfl(t =T (ai_%ai)

b) Now use the previous part and the Schwinger-Dyson equations to prove the Ward identity.



Chapter 8

Entropies and Entanglement

In this chapter we review the bare minimum essentials of the quantum information theory. The material is not
needed until much further down the road when we discuss holographies and entanglements in quantum field theories.

8.1 Entropies

For a classical probability vector P(x), the Renyi entropies are defined as
s (X Pe)
T o8 A x

For a review of the properties of the Renyi entropies, check out the exercises.

Sa =

The natural generalisation of these quantities to quantum mechanics is

1 (%
Salp) = s log Tt p

Our main motivation for defining these entropies is to have a way of computing the Shannon - Von Neumann
entropy. This is done as

81 = —(log P(x)) = —(log {1~ [1 - P(2)] })

EaE (e

8.2 Exercises

1. By considering the limit o — 1, show that S; is the same as the Shannon - Von Neumann entropy.

2. a) One way to measure the correlation between two systems is to compute the covariance for two observables
COV(OA, OB) = <OAOB> - <OA><OB>

35
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since this quantity depends on the specific choice of the observables O4 and Opg, we define the correlation
measure as
Cov(04,0
C(A: B) = max Cov(04,08)
04,05 [|0all21|08ll2

Show that the optimal operators are written as O* = 2P* — I where P* is a projector operator.
b) The total-variation (or trace) distance between two density matrices is defined as

TV(p,0) = 5 Tr(|lp —ol)

N | =

Prove
C(A: B) <TV(pap,pa @ pp)

¢) & The Kullback-Leibler divergence is defined as

Dir(pllo) = Tr [p(log p — log )]

Prove Pinsker’s inequality

TV(p,0) < V/2Dgkr(pllo)

d) Finally, define the mutual information
I(A:B)=81(A)+5:1(B) —S:1(AB)

and by proving
I(A: B)=Dxkyr(pagllpa ® pB)

conclude with
C*(A:B) <2I(A:B)

Note that this implies the subadditivity property for S;.

S1(AB) < 81(A) 4 81(B)

e) L\ By proving
I(A: B) < Dkr(pa ® psllpas)

show that the result of the previous part is not improved by swapping pap and pa ® pp.

3. L\ Generalise the Donsker-Varadhan formula to quantum systems

Dkr(pllo) = max {TrpA—logTraeA}
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4. & Prove the two versions of strong subadditivity property for the Shannon - Von Neumann entropy.

a)
I(A:B)<I(A:BC)

S1(A) +81(C) <S1(AB) +81(BC)

5. Prove the Araki-Lieb inequality
81(4) —81(B)| < 81(AB)

Hint: First purify the state p4p by adding a third system C and then use the strong subadditivity property.

6. a) Show that the Renyi entropies are decreasing function of a by proving

dS, (p)

= —(1 =) ?Dgr(qallp)

where g, () = sz;(fgw)'

b) % Use the previous result to prove the following inequalities as well

d

—(1 — )8, <
da( «) 0
d
—(1/aa—1)8, <
L (1)a~1)80 <0

c) 3. Prove

d) Show that the Renyi entropy itself is not necessarily convex. Hint: Consider a probability vector with a
dominant component.

7. For a thermal state

where F(3) = —f7! Tre ?H is the free energy.
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8. <} Consider a random, normalized pure state |¢)) in the N - particle Hilbert space # = " and consider
the entanglement entropy between the first N particles and the rest of the system as a random variable

A=s1(Trapw [9) (4]
Show that in the large N limit, the following concentration of measure occurs.

A

.~ i 1—
N Tog dim 74 — min(z, x)
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Chapter 9

Quantum Klein-Gordon Fields

Our first quantum field theory, will be that corresponding to the free scalar field theory with the Lagrangian

L==5 > [1"(0u00)(D0a) +m*¢7]

a

This is a second order function of the fields and their time derivatives, therefore we expect to be able to solve the
model exactly by finding the normal modes.

The translation invariance of the model, persuades us to use the Fourier transform

(Zga(k,t) = (27T)_n/2/dx (ba(x’t)e—ik.x

7ok, t) = (27r)_"/2/dx7ra(x, t)e ik

At first, this looks promising and diagonalizes the Hamiltonian as

S S e
1 -
-1 Z / dk (7o} + w2 (K)dadl]

w(k) = +4/IKl[3 +m?

However, some peculiarities arise due to the introduction of complex coefficients e¥™*_ First of all the ¢, and 7,
are not Hermitian operators; in fact

with

(Z;:(z(kJ) = an(_kv t); ﬁl(kat) = 7a(-k, t)

Second, d;a, T, are not conjugate operators, rather

[an (k7 t)a 7~Tb(k/a t)] = (27T)7n / dx dx’ eii(k.ijkl'XI) [(ba (Xa t)a 7Tb(xlv t)] = Zé(k + kl)(sab

[Da(k, 1), o (k' 1)] = (QW)_”/dde’e_i(k'“k/"‘/)[%(xa t),dp(x',1)] =0
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b ) () = (2) 7 [ e 050 o, 1), 0, )] = 0
In other words, &a are conjugate to 7.

Despite all this, miracle happens when we define the creation and annihilation operators as
aq(k, 1) = w(k) g (K, t) + i7q (K, t)
Do they satisfy the commutation relations that we desire? Indeed!
(aa(k, £, a0(K, )] = al (k. 1), ab (K, 6] = 05 [aa(k, 1), a} (K, 6)] = 2(k)und(k — K)

The only problem here seems to be a bad choice of normalization in defining the creation and annihilation operators.
Normally, we would want to have 0,0y’ as the RHS. To compensate for this abnormal normalisation choice, we
use the following rule of thumb: Any product of 2n creation/annihilation operators, must be accompanied by n
factors of 2w(k), whatever factor that remains is the actual, legitimate weight of the product. The reader now
understands the reason behind our specific normalisation choice since this is proportional to the covariant measure
over the manifold k,k* = —m?2, k° > 0. In fact

/ko>06(k k' +m?)dk = /sz{k)

Now let us write down the Hamiltonian. Using

aq(k,t) + a};(—k, t) .
2w(k) ’

aq(k,t) —al (—k,t)

pa(k,t) = 5

Ta (k7 t) =

the Hamiltonian may be re-written as
dk
H= E / al (k, t)aq(k, t) + E /dkw d(k — k)

The first term is in the shape we love: this is the ), wiazai part of a harmonic oscillator Hamiltonian written in
a covariant manner. This shows us that each mode k has frequency (surprise:) w(k). The second term is among
the most evil things one could write down; the integrand is infinite, the bounds are infinite, etc. Although we will
eventually drop this term as an irrelevant, constant term in the Hamiltonian that only elevates the ground state,
let us take a closer look first. Before anything, note that this may be re-written as

;sz:w(k) =2 3 tmoss

modes

which is still as infinite as it was, but now looks like something that we must have foreseen all along. On the other
hand, if we limit our space to a box of volume V', the horrible § term becomes an innocent V. This means, whatever

remains is the vacuum energy density
1
=3 > / dk w(k)
a
This still infinite energy density, may be made finite by some next generation theory that puts a limit on how small

the wavelength and therefore how large the k vector could get. (Say by limiting the number of spatial points, etc.)

In order to know the Hilbert space better, we start by diagonalising the positive semi definite number operator

N = ZNa, Na_/ Na(k,t); Nk, t) = al (k, t)aq(k,t)
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Because of the ladder structure [N, a,(k)] = —aq(k), we know that the whole Hilbert space must end in some
vacuum subspace ¥ such that
VIQ) eV, a€lK], k aqsk)|Q?) =0

If we define the Fock space .# to be the Hilbert space with the basis
n
(b1, k), (b)) = [ [ 0l (1) ()
i=1

for some |Q2), then we find that the Hilbert space is (nothing more than)

H=F QY

The energy-momentum four vector is the operator
Pt = /dx T = (H,P)

with

Pz—za:/an%dx:za:/zﬁ{k)k/\/a(k,t)

So far, we have restricted our discussion of operators to a single space-like surface with constant time. The
generalisation to different space sheets is straightforward. We begin with the creation/annihilation operators

d ) .
%aa(k, t) =i[H,a.(k,t)] = —iw(k)aq(k,t)

This is a great result: the most interesting operators have an equal number of as and a's and therefore stay the
same through time which is equivalent to commuting with the Hamiltonian.

The fields evolve as

ba(zH) = (2m) /2 / dk 5 (kok™ + m?)aq (k)= 1 h.c.
k9>0

Note that this manifestly satisfies the Klein-Gordon equation

(0,0 —m?)p, =0

Now Imagine Alice performing some local operation on the fields confined to a space-time region A. This may
be described using a unitary operator U = e‘®4 where O4 is a local observable.

O = 04 (6a(4), 7a(4))

Meanwhile, Bob is measuring some other local observable at space-time region B which is causally disconnected
from A.

Op = Op(9a(B), 7a(B))
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For our theory to be causal, we need
(¥|UTOsU ) = (¢|05|v)
which is equivalent to
[Ga (@) 6u(y)] = 0 [Ba(@),m()] =0 ¥ (@ —y)* >0
In fact, we only need the first condition since it would immediately imply

0

6a(0) )] = [6a(0). 5 50(0)] = o loa@hn(@)] = 0 ¥ (2= p)? >0

Now for the field-field commutator we first set y = 0 then
(G0 (), $6(0)] = 2ib4p(27) " / dk 6(k* + m?) sin(k,x")
k>0

which clearly vanishes for 22 > 0 and therefore our theory is a causal one.

9.1 The Correlation Functions and the Wick’s Theorem

In order to find all the observable expected values for the Klein-Gordon field theory, it suffices to have access to the
vacuum correlation functions.
QT 6, () 1)
i

Clearly, we only need to consider the correlation functions for a single type of fields, hence we drop the a; indices.
It also costs no generality to consider only the time ordered correlation functions

(Q 7{p(x1) - d(an) } Q)

since we have already computed the field commutators and are therefore able to move from any arbitrary order
towards the time order.

Our strategy for evaluating the correlation functions is as follows:

e Write down the field operators in terms of creation/annihilation operators.

e Move the annihilation (creation) operators to the right (left) and get extra terms from the canonical commu-
tation relations.

e Simplify using a |2) = 0 to get the final result.

This strategy motivates us to define the normal ordering for a product of operators. In a chain of creation/anni-
hilation operators, the normal ordering moves all the annihilation operators to the right and the creation operators

to the left. For example

ﬂ{a1a£a3a4ag} = a£a£a1a3a4

To carry out the first step, we define

ot@) = 0 [ deE b mt)ene k) 6 (@) =6 (o)

k9>0

Therefore a time ordered product of field operators becomes

T{d(@1) - dlwn)} = (67 (21) + ¢ (21)) -+ (67 (wn) + &7 (20))
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Note that without loss of generality, we have assumed that the labellings are consistent with the time ordering.

The next step would be to move creation operators to the left. While doing this, we would get terms in the form

The space-time function Dp(z) is called the Feynman propagator. We will deal with it at the end of this section.

As an example we may write
T{o(x)d(y)} = N {d(2)$(y)} + Dr(x —y)
T{o(2)p(y)d(2)} = A {9(2)d(y)p(2) } + A {d(2)} Dr(y — 2) + N {6(y) } DF(z — 2) + A {6(2) } Dr(z — y)
In general, one can see that Wick’s theorem holdtﬂ

T{d(x1) - d(xy)} = Z (H Dp(x; — J:j))JV{all uncontracted operators }

all possible Mg
contractions

Here, by contraction, I mean choosing a pair of field operators and removing them from the operator product chain.
You can contract no pairs of operators or contract all the operators (in case there is an even number of them) to
get a null product chain. Whatever pair of operators that you contract (a contracted pair is here denoted by ¢ M1 5)
results in a Feynman propagator factor.

Finally, in the last step, when evaluating the expected value in the vacuum state, the normal ordering rids us
of all terms with remaining, uncontracted field operators and we get

(@ T{$(x1) - x)} 1) = > [[Drlai—a;)

full inj
contractions

As a last example

(Q] ﬁ{gb(xl) e ¢(x4)} |Q) = Dp(x1 — x2)Dp(x3 — x4) + Dp(x1 — 3)Dp(x9 — x4) + Dp(z1 — 24)Dp (20 — x3)

Now let us focus on the Feynman propagator; by definition this is

Dy (t,x) = (2m)7" / ; jz‘k) Jisgn(t) [kox—w(io]

= (%)7“_/%:(1{) Cos(k.x)eﬂw(k)m

In appendix A, we have further discussed the space-time values of the Feynman propagator but for now we are
more interested in its Fourier transform.

1Here, I assume A{} = 1. You could say this is an exception in the definition of time and normal ordering operations, since one
could write

N {1} = A {[a,al]} =0

In fact you shouldn’t take .4 and .7 too seriously; they are only here to make our equations look better ie. shorter.
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Using theorems of complex integration it is straightforward to prove the following useful identity
) “+oo efi)\z
—ime M = lim dz ————
e—0+ J_ z4—1+41¢
which helps us write

dk . +oo e—iw(k)tz
— —(n+1), o ikex s e
Dr(t, x) = (2r) Z/ w(k) e Iy _ dz 22 —1+ie

_ —(n+1) 1; ik, xt i
(2m) gh_% dke [ —

We encode on this in the symbolic equation

5 - Z’(27T)—(n+1)/2

Dp(k,) = ———"———
(k) k2 +m? —ie
Exercises
1. The Klein-Gordon Lagrangian for m independent fields a = 1,2, - ,m is invariant under the SO(m) trans-
formations

ba = Pa + €AabPr; A{ab} =0
These are called the internal symmetries of the field theory. Find the corresponding (’;) conserved currents.
(Ans. j*(A) = Awda0 Py )

2. Repeat what we did for the Lagrangian
1 v
L= —577“’3 [m*AaAp + 1" (0,A4) (0, Ap)]

and find all the conserved currents. Compare your results with the previous exercise.

3. <& Repeat the results of this chapter for the Lagrangian
1 1
L= _iKabnlwﬁu(baaud)b - §m2¢a¢a

where K is a constant, positive definite matrix.

4. Let X be a vector of N centerred random variables (that is (X;) = 0). Assume that the covariance matrix is
given as

Cij = (XiX;)
If the higher order moments satisfy

(Xi - Xi)= > J]¢

full Mg
contractions
of ’il . -in

then show that the vector X is normally distributed.

Hint: First, show that without loss of generality, it is possible to take Cj; = d;; and then show that for the
corresponding, independent normal distribution, the conditions are satisfied.



Chapter 10

The \¢* Theory

We now consider our first interacting quantum field theory called the A¢* - theory. The Lagrangian density is

1 1 A
£ = =31 (0,0)(0u8) — 5m*¢? — 2"

Assuming A < 1, it sounds reasonable to use the perturbation theory that we developed in previous chapters.
In this regard, the interaction Hamiltonian is

Hy = %/dxgb‘%x)

Although we are going to use the interaction picture operators for the rest of this chapter (and perhaps more),
we drop the superscript: O° — O.

Like the free Klein-Gordon theory, we are interested in evaluating the N - point correlation functions.
(Q T {¢(x1) - dlan) } 12)
But we already know that this is written as

bz _ (Qo| T{(1) - d(24) S} |)
(Q T {d(x1) - dlan) } 2) = 5T

10.1 The Diagrammatic Notation
Let us consider the 2-point correlation function. Using Wick’s theorem, we may expand this in A as

rlx—y)— % Jd= [SDF(J: —y)D%(2 — 2) + 12Dp(z — 2)Dp(y — 2) Dp(z — z)] + ...
173%fdzD%(zfz)+~~

Q] 7 {o(2)ow)} 10) = 2
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Our current notation is now clearly getting repetitive, it is definitely easier to describe each term in the expansion
with words than to write it down explicitly and since a picture is worth a thousand words we are tempted to use a
diagrammatic notation. First of all, to denote a field operator on space-time position x, we simply use a node.

The Feynman propagators connect space-time field operators and are therefore denoted by lines such as

y = Dr(z —y) = (Q «7{¢($)¢(9)} 1920)

X

The perturbed correlation functions are denoted by a double line connection, for example

(Qo y{f?(f)(ﬁ(y)s} 1€20)

vy = (] T{d(x)o(y)} Q) = (Q0] S [£20)

_ _ (Q0ol «7{¢($)¢(y)¢(2)5} 1Q0)
. = (2 T{o(@)p(y)é(=)} 1) = 15 1000

z

Finally, we know that every power of —i% adds 4 field operators at some dummy space-time position z which is to
be integrated over. There are also combinatorial factors such as 3 or 12 that correspond to the number of ways that
such a contraction of field operators appears. Since the —i%, the space-time integral and the combinatorial factor
are all determined by the shape of the diagram, we simply do not write them. Therefore and for example we have

x,Ly = l(12)_472‘!)\/dZDF(l“—Z)DF(E/—Z)DF(Z_Z)

1!

x ,M‘ Yy ! (288)(;M)2/d21d22 DF(I - Zl)DF(Zl - Zl)DF(Zl - ZZ)DF(ZQ - ZQ)DF(ZZ - y)

] 41

We will denote the combinatorial factor for a diagram D with #(D). Now consider the diagram Dy D5 consisting
of two disconnected parts D; and Dy with n; and ns interaction vertices respectively. We have

#(D1 D) _ (m +n2> #(D1)#(D2)  #(D1)#(D2)

(n1 —|—n2)' nq (m +n2)‘ o TL1!TL2!

This means that the final, numerical value of a diagram is the product of the numerical value of its connected
components.
val(Dng) = val(Dl) Val(DQ)

10.2 The 2-Point Correlation Function

Armed with our new, efficient notation it is now straight forward to write down an expression for the perturbed
2-point correlation function
> all possible diagrams

14

T oe——oY —
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It is possible to factor out the exact same term as in the denominator from the numerator, leaving only the connected
diagrams

T e oy = Z all diagrams without disconnected bubbles

=z y+x»&cy+x~—@—~y+x»—<&¢y+"'

10.3 Fourier Space Diagrams

Just like the unperturbed case, we would sometimes prefer working with the Fourier transforms
ky Z1

ko k. - .
= (27r)—7'("+1)/2/d$1 oo dg, ekt kray)

Due to the linearity of Fourier transforms, each diagram is mapped to a corresponding diagram in the Fourier

domain. The *41'!)‘ factors, the exponential factorials and the combinatorial factor #(D) also remain the same. For
example
kg xs3
" _ (2#)*3("+1)/2/dx1da:2da:3 emilhi i thyarthy )
ko )

It remains to evaluate the nuclear value of each diagram. We do this for the example above and generalise the
rules based on our observations. The strategy is to replace the propagators with their Fourier transforms. If we
label the dummy indices as below
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The integral we are dealing with, stripped of the extra factors is written as
(2m) 3 1)/2 / dzydzadrsdzdzode e (1o thawaths.2s) (97) =8(n+1)/2 / dqdgadqsdaadgsdk} dichdk)
eiql.(22—21)ez‘q2.(zz—z1)eiq3.(zz,—zs)eiq4.(zs—z1)eiq5.(Z3—23)eik;.(zl—zl)eik;.(m—@)eikg.(xg—zS)
Dp(ky)Dp(ky) Dr (k) Dr(q1) Dr(g2) Dr(gs) Dr(q4) Dr(gs)
= (2m)* D2 (2m) =D D (k) D (k2) D (ks) / dz1dzadzsdqidgzdqsdgadqs
el (2 =21) it (22 =21) s (32 =2) gida- (33 —21) it (33 —20) g =ik1- 1 o —iha-22 o ~iko-23 ) L (01) Do (o) D (g3) D (q1) D (g5)
= (2m)3( /2 (2) 8D/ (2m)3 TV § (o) + kg + k3) D (k1) D (ko) D (k3) / dq1dgzdgs

Dr(q1)Dr(q1)Dr (ke — q1 — @2)Dp(—k1 — @1 — ¢2) Dr(gs)

The same procedure applies to any diagram with translation invariant and even propagators. Since the final
term is always proportional to the §(ki +- - -+ k;.), we will label the external k vectors in a manner that they add up
to zero and then focus only on the coefficient of the delta function. In general, to evaluate this coeflicient, we need
to label internal wave vectors in a way that respects conservation of energy-momentum at each vertex, replace each
propagator with its Fourier transform and then integrate over the undetermined momenta. The overall (2r)("+1)/2
power is given by 2 X V;,t. — Eint.; where Vi is the number of internal interaction vertices and &;,+. is the number
of internal propagator edges, sometimes called virtual particles.

10.4 The Vacuum Bubbles

10.5 Exercises

1. & Consider a single simple harmonic oscillator.

H =
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a) Calculate the two point correlation function for the ground state

D(t) = (gol 7{x(0)x(t) } |g0)

b) For the perturbed Hamiltonian

2 2
p T B s A4
H=—+4+—+= —
2+2—|—3!z—|—4!x

use the diagrammatic method to calculate the width of the perturbed ground state, (x?) ¢ up to second order
in 8 and A
¢) Consider a finite number of independent harmonic oscillators and then consider the perturbation

pa @k 1
T=3 (5 +%) = Lmarat 5 2 cwaany
a a ab

use the diagrammatic method to find the exact covariance matrix for the perturbed ground state: (zqzp)4
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Chapter 11

Renormalization; Getting rid of the
infinities
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Chapter 12

Free Fermions; A first step towards QED
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Part IV

Conformal Field Theory

o7






Chapter 13

Conformal Transformations

In this chapter we introduce the notion of conformal transformations. This will be essential for our discussion of
field theories with corresponding symmetries. A conformal transformation on a manifold is one that does not change
the angle between different vectors. From a passive point of view, this is a coordinate transformation x# — x'*
such that

g:w =02 (x)g;w

In this regard, the set of all possible conformal transformations on a manifold, M, forms a group, conf (M), gen-
erally known as the conformal group of the manifold.

To find the generators of the conformal group, we seek infinitesimal transformations z# — z# 4 ¢£* that are
conformal. The condition on &* is called the conformal Killing equation

Leguw = V{ufu} = KGuv

A vector field that satisfies this equation, is called a conformal Killing field and the scalar constant x is called a
conformal Killing factor. It is readily observed that the conformal Killing vector is given by

2
= -V, E&*
K - ué
where n is the dimension of the manifold.

Our discussion in this chapter will be entirely dedicated to flat manifolds with the constant, flat metric tensor
Nuv- Therefore it is useful to write the alleged conformal Killing field as

£, = 5,20) + 5 gor 4 g(2)  gengas

2205} jgesxe3)

—|—Q(1) e —|—Q(2) E(l) xa1xo¢2+Q(3) 2(2)

Q102008
Qo p{ar s} i 042&3}:1j T A+

where S? and X' are completely symmetric tensors and €' are anti-symmetric tensors of rank 2. On the other

hand, the second order derivatives of the conformal Killing factor x are highly restricted by the conformal Killing
equation.

(1 = 2)000st + gas Ot = 9" (Ga30uDy + 91 0as — GuauDs — Gus0aly )1
" [(@Nayaﬁ — 0,050,) 0 + (040,00 — 00,0,)E5
+(0aD5D — 0500 + (00030, — 0uDpdp)6| =0
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Finally, taking a trace, we find the conditions

Ok =0; (n—2)0,0,k=0
Clearly, there is a stark difference here between n = 2 and n > 2 dimensions. We consider each case separately.

13.1 n > 2 dimensions
For n > 2, we have 0,0,k = 0 and therefore

flt = t/t + W'r]/u/xy + Q/Lyxu + '-Y/Laﬂxaxﬁ

The first three terms correspond to translations, rotations and scale transformations respectively. But what
transformation does the tensor 7., represent? The conformal Killing equation is equivalent to

2
YuapB + Yaup = gnua'yyaﬂ

the solution is
YuaB = Mua0B + Mup0a — NapOu

Counting the number of generators, we find that there are independent generators. In fact, it is

possible to show that under the commutator operation

(n+1)(n+2)
2

[A, B]* = BY9, A" — AY9,B" = £ A"

these generators have the same Lie algebra as the group SO(p+1, g+1) where (p, q) is the signature of the manifold.

13.2 n =2 dimensions

To examine the n = 2 case, we start by formally allowing the real coordinates z* to take values in the complex plane.
Although complex points do not exist on the manifold, we may always analytically the coordinate transformation
rules to transformation rules between complex coordinates. As we’ll see, this will help us express and classify the
conformal transformations in well known terms.

Let us start our discussion with the case of the Euclidean plane; this is the non-compact set of real pairs of

numbers (x,y), equipped with the metric
ds® = dz® + dy?

If we define the independent complex coordinates
z=x+1y; Z=x—1y

then the metric becomes
ds® = dz dz.
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Of course the true manifold points only correspond to coordinates satisfying zZ = z*. Nevertheless, any (extended)
coordinate transformation is written as
(2,2) = (¢, 7)

And therefore the metric transforms as
0z 0z 0z 0z |
2 _ = -1\ ' 2 _ _
dS = (@dzl + ﬁdz/) (@dlz/ + §dz') = Q (ZI, Z/)dZ/ dZ/

Where the last equality holds, if and only if, the transformation is a conformal one. Clearly, there are only two
possibilities here, either this is a holomorphic map, i.e.

d=f(2), Z=[(

or, an anti-holomorphic map, i.e. -

7 =f(z), 7Z=/f()
where f and f are independent, analytic (otherwise, the partial derivatives would be meaningless) functions. We
still need to translate these transformations back into real coordinate systems; there, we need to have both z = z*

and Z’ = z’* to hold. Therefore (dropping the redundant transformation rule for barred coordinates), the two
holomorphic and anti-holomorphic cases correspond to

S=ier = (1)

for some analytic function f. We will generally be interested in the connected component of conf (E?) that includes
the identity, namely the holomorphic transformations.

Using the MacLaurin series for analytic functions, we may introduce the generators L, that correspond to
infinitesimal [[] transformations
(14¢cLs)(z) =2+, seZ

Then, it is easy to see that these generators obey the Witt algebra under commutation operations.

Witt algebra: [Ls,Ly] = (s —7)Lsyr

Finally, let us add the important remark that although any analytic function is a good local conformal trans-
formation, only the ones with exactly one pole and one zero in C U {oo}, namely the Mgbius transformations are
valid, global conformal transformations.

o az+b
cz+d’

ad —bc=1

In the exercises, the reader is further familiarized with this global subgroup. Note that this subgroup corresponds
to translations, rotations, scale transformations and SCTs; just like in n > 2 dimensions.

For the 1+1 dimensional Minkowski space time, E!*! with the metric
ds?® = dz® — dt®,
it is more convenient to use the pair of complex coordinates

z=x—t, zZ=ux+1t.

IFor the moment, we are focusing on a local domain in the complex plane where both |z| and |1/z| are bounded. We will deal with
the global transformations in a moment.
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once again, the metric becomes
ds* = dzdz

And therefore, a similar piece of reasoning, allows us to write any conformal transformation in one of the following
two forms

d=flz); Z=f(2)
7 =fz); 7Z=f)

Here, the actual manifold corresponds to z,Z € R and therefore, a valid transformation corresponds to real-entire

functions f, f. Once again, we usually neglect the component that is not connected to the identity. What remains
is
r—t— flx—t); x+t— flxt+t)

with monotonically increasing bijections f, f : R — R.

13.3 Exercises
1. On flat space-times, we proved that the conformal Killing factors satisfy

(n—2)0,0,k + gk =0

a) First, show that on curved manifolds

(n—=2)V,Vuk+ g, 0c

=2V4o(R%,,56") = 2V, (Rual®) + Rua (V& — VuEY) + R%,,5(Val” — V&)

& b) Simplify the RHS of the previous part as much as possible.
2. For p+ q > 2, identify the Lie algebra for conf(EP*9) with that of the group SO(p + 1,q + 1).

3. a) For the Euclidean manifold E", show that the following discrete transformation is conformal

I
s x

xvx,

b) Find the conformal Killing vector field corresponding to the following, infinitesimal conformal transforma-
tion
o't 4 eth

2 —
(z'V + et”) () + ety)

and show that this is a y—transform.
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4. a) Show that the Mobius transforms are generated using the Witt generators {L_1, Lo, L41}.

. b) Show that the Mgbius subalgebra is the only non trivial (containing more than 1 and less than all of
the generators) subalgebra of the Witt algebra.

¢) Show that under the Mgbius transforms, a line is mapped to either a circle or a line and that a circle is

mapped to a line or a circle.

d) Let M; and Ms be two Mgbius trnasformations as

M;(z) = ; =1,2
(Z) ¢z +d;
Show that the composite transform
asz + b3
M. = My (M =
3(2) = Mo (M (2)) P

satisfies
az b3 (a2 b a; b
c3 ds o co da ¢ di
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Chapter 14

Conformal Fields

From now on and until the end of this part (while talking about CFTs), we call any physical quantity that depends
on space-time positions, a field; examples include: the independent fields that appear in the Lagrangian, the
Lagrangian itself, the energy-momentum tensor, etc. Of particular interest are the quasi-primary fields. A field ®
is called quasi-primary if, under the infinitesimal conformal transformation

ot — o't = gt et

it transforms as 1
D@ =@ —e(£eD+ iAM@)

where Ag is a constant, called the scaling dimension of the field ®.
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Part V

Quantum Field Theories on Curved
Space-Times
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Chapter 15

Static Space-times

In this chapter, we start by a simple generalisation and assume the space to have arbitrary, but time-invariant
geometry. We also assume that the space-time is static, therefore

ds? = —dt® + hijdxidxj
We also neglect the effect of the fields on space-time geometry for now.

To solve the problem of non-interacting fields, we used Fourier transforms. Here, and on a curved space, we
can not do that any more and therefore seek alternatives. For two square integrable, complex scalar fields ¢, ¥, we
define the inner product

(6,9) = / dz Ve (2)h(z)

Integration by parts reveals that for any real vector field V, the operator V¢V, is anti-hermitian, that is
(6, VIVih) = —(V'Vi, 1))

However, the Laplacian operator V2 = A% ViV is a negative definite operator. This allows us to define a Fourier-like
transform with analysis and synthesis equations as

Ok, ) = /d:m/ﬁ X (k11 ) (2)

(z) = ix(hﬂ;xﬂ(k,ﬂ)

kI

where the functions x(k, IT; ) are the properly normalized eigen-functions of the Laplacian operator with eigenvalue
A = —k? and degeneracy index TII.

15.1 The Klein-Gordon Fields

The Klein-Gordon Lagrangian on a curved space is

L= =52 [ (Vube) (Voda) +m?l]

a
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the conjugate momenta become

and the Hamiltonian is

H:—%Z da:\/fLH

a VX
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AdS/CFT

71






Appendix A

The Feynman Propagator in Space-time

For spacelike vectors, we use a Lorentz transformation to set ¢t = 0, then the Feynman propagator in a distance r
becomes

DF(Oa Ti) =

— dw (w? — m?)"/?2= 1/ db cos ( Vw2 — m2rcos ) sin" 26
B — >

and for timelike separations, setting x = 0, we get

1 (o9}
Dp(t,0) = T / dw (w? —m?)™/?*7 1 cos (wt)
m

F(%)(élﬂ'

Although these integrals may diverge in some dimensions, we do not worry too much about it. Such divergences
are equivalent to those appearing in a stochastic setting where one considers a white noise; the correlation function
may be diverging but at the end of the day, the interesting quantities will turn out to be finite.

Specifically for n = 3 these become

oo
Dr(0,7rz) = %/ dw Sm<r\/ w? — m2>
Dp S dw cos (wt) Vw? — m?

42
4dr? /.,
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